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A biplane of order n is a set of u = 1 + (n + l)(n + 2)/2 points and u lines 
so that each line contains exactly k = n + 2 points and any two distinct 
lines intersect in 2 points. The largest known biplane was constructed 14 
years ago by Aschbacher [I] with k = 13 (order 11). In fact, his biplane is 
not self-dual and so there are exactly two biplanes with k = 13 which are 
known. Biplanes of order n < 8 have been classified and there are exactly 10 
biplanes with those orders [2]. Up to now, there have been only four 
biplanes of order 9 known [3]. Since there is no biplane of order 10, it 
follows that there have been 16 biplanes known up to now and all these 
biplanes possess a large automorphism group (of order g > u). 
We have discovered a new biplane of order 9 (k = 11) whose full 
automorphism group is small (i.e., its order is < u = 56). More precisely, we 
have proved the following: 
THEOREM. Let B be a biplane of order 9 (k = 11) which possesses an 
automorphism group G of order 6. Then B is either known or is isomorphic to 
a new biplane B, of order 9. The biplane B, is self-dual and its full 
automorphism group H is isomorphic to Z, x A4 (and has the order 24). The 
group H has exactly five point (line) orbits on B,. In addition, B, has exactly 
44 ovals and the rank of its incidence matrix ouer GF(3) is 26. 
Prooj Let B be a biplane of order 9 which possesses a collineation p of 
order 3. Then p has exactly two fixed points cc, and cc 2 and so we can 
write p=(o~,)(~~)(l,,, l,, 1,)...(180, 18,, 18,), where ii, i=l,..., 18, 
j= 0, 1,2, are the other 54 points of the biplane B. 
The numbers 1, 2,..., 18 represent the 18 non-trivial (p)-orbits of points. 
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From each (p )-orbit of lines we take only one (representative) line and at 
the moment we omit the indices j = 0, 1,2 from points ij. In this way we 
obtain the so called “orbit structure” for (p). 
V. Goller has determined in his diploma thesis (Heidelberg, 1985) all 
possible such orbit structures. There are exactly 18 self-dual and 10 non- 
self-dual orbit structures for (p). From these 28 orbit structures for (p), 
only 14 of them admit involutions as automorphisms which could lead to 
involutions acting on the biplane B centralising p or inverting p. 
However, only two of the above 14 cases lead to a biplane: Case A 
(Table I) and Case B (Table II). 
It remains to put back the indices j = 0, 1,2. It turns out that the Case A 
leads to exactly three known biplanes: M. Hall, Mezzaroba-Salwach, and 
Denniston biplanes which possess an automorphism group of order 6. 
In Case B the full collineation group of this orbit structure is generated 
by the following involution: 
r= (~1, az)(l, 6)(2,4)(3, 5)(7, 11)(8, 12)(9, 10)(13)(14)(15, 16)(17, 18). 
TABLE I 
Case A (Self-dual) 
*1 002 1 1 1 2 2 2 3 3 3 
*1 *2 4 4 4 5 5 5 6 6 6 
ml 1 4 7 7 10 11 12 13 14 15 
001 2 5 8 8 10 11 12 16 17 18 
*I 3 6 9 9 13 14 15 16 17 18 
co2 1 4 16 16 8 9 10 11 13 14 
*2 2 5 15 15 7 9 10 11 17 18 
m2 3 6 12 12 7 8 13 14 17 18 
1 1 5 6 7 7 8 9 16 17 18 
2 2 4 6 8 8 7 9 13 14 15 
3 3 4 5 9 9 7 8 10 11 12 
1 2 4 5 13 13 18 18 9 11 12 
1 2 4 5 14 14 17 17 9 10 12 
1 2 6 6 12 12 9 10 11 15 16 
1 3 4 6 10 10 18 18 8 14 15 
1 3 4 6 11 11 17 17 8 13 15 
1 3 5 5 15 15 8 12 13 14 16 
2 3 4 4 16 16 7 12 15 17 18 
2 3 5 6 10 10 13 13 7 16 17 
2 3 5 6 11 11 14 14 7 16 18 
NEW BIPLANE OF ORDER 9 307 
By the fundamental work of Aschbacher [l] about involutions acting on 
biplanes we see that if z leads to a collineation of B, then z centralizes p 
and has exactly 6 fixed points. For the collineation z lifted to an involution 
acting on the biplane B we may set: 
~‘(~01, ooz)(fi,6i)(2i,4i)(3i, 5,)(7i, 11,)(8i, 12,)(9,, loi) 
(13,)( 14,)( 15,, 16,)( 17,, 18,), i = 0, 1, 2. 
The indexing with 0, 1,2 gives the new biplane (Table 3) uniquely (up to 
equivalence). Of course, all 56 lines of the biplane one obtains by acting 
with the collineation p. Apart from the above involution z, we have found 
the following involution < with 8 fixed points: 
5=(a,, ll~)(a,, 7,)(10)(60)(1,, 61X12,62)(20, 10,)(4,, 9,)(3,, 17,) 
(50, 18,)(2,> 15,)(4,> 16,)(3,> f7,)(5,, 18,)(2,, 8,)(4,, 121)(32)(52) 
(70,7,)(110> 11,)(15,> 10,)(16,, 90)(8,, 102)(12,, 9,)(17,)(18,) 
(82, 15,X12,, 16,)(13,)(14,)(13,, 14,X13,, 14,). 
TABLE II 
Case B (Self-dual) 
ml a2 1 1 1 2 2 2 3 3 3 
al a2 4 4 4 5 5 5 6 6 6 
ml 1 4 I I 10 11 12 13 14 15 
a1 2 5 8 8 10 11 12 16 17 18 
a1 3 6 9 9 13 14 15 16 17 18 
a2 1 5 10 10 13 14 15 16 17 18 
@J2 2 6 11 11 7 8 9 13 14 16 
a2 3 4 12 12 7 8 9 15 17 18 
1 1 5 6 18 18 7 9 11 12 16 
2 2 5 6 13 13 7 12 15 17 18 
3 3 5 6 12 12 10 11 13 14 16 
1 2 4 5 14 14 17 17 9 11 12 
1 2 4 6 9 9 10 10 8 12 13 
1 2 4 6 15 15 16 16 8 12 14 
1 3 4 4 13 13 8 11 16 17 18 
1 3 5 5 8 8 7 9 13 14 15 
1 3 6 6 17 17 7 8 10 11 15 
2 3 4 5 7 I 16 16 9 10 17 
2 3 4 5 11 11 15 15 9 10 18 
2 3 4 6 14 14 18 18 I 8 10 
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We see that (p, 5) =A4 and that H= (7) x (p, CJ) is the full 
automorphism group of our biplane B. In fact, the lines ki, i = 1, 2,..., 5 are 
in pairwise different H-orbits. The H-orbit of k, has 8 lines, the H-orbit of 
k, has 6 lines, the H-orbit of k, has 12 lines, the H-orbit of k, has 24 lines, 
and finally the H-orbit of k, has 6 lines. 
If we take ki, i= 1, 2 ,..., 5 as indexing line [3], then the A-chain structure 
of our biplane B is as follows: 
For k, we have 27 (ll)-chains, 6 (8-3)-chains, 6 (7-4)-chains, 
3 (6-5)-chains, and 3 (5-3-3)-chains. For k, we have 22 (ll)-chains, 
2 (8-3)-chains, 8 (7-4)-chains, 4 (6-5)-chains, 4 (5-3-3)-chains, and 
5 (4-4-3)-chains. For k, we have 18 (11 )-chains, 7 (8-3)-chains, 
10 (7-4)-chains, 6 (6-5 )-chains, and 4 (5-3-3)-chains. For k, we have 
25 (ll)-chains, 8 (8-3)-chains, 6 (7-4)-chains, 4 (6-5)-chains, 1 (5-3-3)- 
chain, and 1 (4-4-3)-chain. For k, we have 30 (ll)-chains, 2 (8-3)-chains, 8 
(7-4)-chains, 4 (5-3-3)-chains, and 1 (4-4-3)-chain. 
We see also that our new biplane has exactly 44 ovals and so cannot give 
a projective plane of order 10 as described in [3]. The rank of the 
incidence matrix of B over GF(3) is 26 and B is self-dual. 
TABLE III 
New Biplane 
k,=co, 
QI 
k,=co, 
k,=ca, 
k,=co, 
Q2 lo 1, 
Q2 4, 4, 
12 4, 7, 
2” 50 8, 
3, 62 9, 
*2 1 5, 10, 
Q2 2: 6, 11, 
‘x2 30 40 12, 
1, 12 5, 60 
20 2, 50 60 
3, 32 50 6, 
1, 2, 4, 52 
k,= 1, 20 40 60 
10 2, 4, 60 
10 
1 2 
10 
22 
20 
22 
3, 40 4, 
3, 5, 52 
32 61 62 
3, 4, 5, 
3, 4? 5, 
32 40 61 
12 
42 
72 
82 
9, 
102 
112 
122 
18, 
13, 
12, 
140 
9, 
15, 
13, 
8, 
17, 
7, 
11, 
142 
20 2, 2, 30 
50 5, 52 60 
102 llo 120 132 
100 llz 120 16, 
13, 14, 15, 16, 
13, 14, 150 16, 
70 go 92 132 
72 80 90 152 
182 7, 9, 111 
1% 7, 12, 15, 
122 10, llo 13, 
1% 17, 17, 92 
9, 10, 10, 8, 
l52 16, 16? S2 
132 8, 11, 162 
82 7, 92 130 
172 7, 8, 10, 
72 16, 162 9? 
112 15, 15, 9. 
140 18, 182 7, 
3, 
61 
141 
171 
170 
17, 
1% 
17, 
12, 
17, 
14, 
110 
120 
122 
17, 
14, 
11, 
100 
102 
82 
32 
62 
1% 
18, 
18, 
180 
162 
18, 
162 
180 
162 
122 
130 
14, 
182 
1% 
152 
17, 
182 
102 
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